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We prove that for any finite field k, there exist differentiable O-sequences which are not Hilbert 
functions of reduced graded k-algebras. We discuss when generic Hilbert functions and the 
Hilbert function of a complete intersection can be Hilbert functions of reduced or of integral 
graded algebras. 
Introduction 
We study in this paper Hilbert functions of reduced and of integral standard 
graded algebras. For background on Hilbert functions see [lo] and [5]. Throughout 
this paper, k will always be a field. We will denote by R the ring k[X,, . . . ,X,1, 
where X0, . . . , X,, are indeterminates and by R the ring k[X,, . . . ,X,1. We recall 
from [lo] that a (standard) graded k-algebra is a graded k-algebra A = @izoA; 
with A0 = k which is generated by finitely many homogeneous elements of degree 
1. Equivalently, A is isomorphic (as a graded k-algebra) to R/J where JfR is a 
homogeneous ideal. The Hilbert function HA of A is defined by HA(i) = dim, A; 
for iz 0 and HA(i) = 0 for i< 0. If J is a homogeneous ideal in R, the function HR,J 
will be called the Hilbert function corresponding to J. All graded k-algebras will be 
standard and sometimes (if clear from the context) we will drop the term ‘graded’. 
A function H: Z --t Z is the Hilbert function of a graded k-algebra for some field 
k if and only if H is an O-sequence (see [lo]). We recall that an O-sequence H is 
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zero-dimensional if and only if H(n) = c for n % 0, where c > 0 (c is called the degree 
of H). The notation do d, . . . d, + for an O-sequence H means that H(i) = d,, for 
irn. Most of our results are for graded algebras of Krull dimension 1, thus with 
zero-dimensional Hilbert functions. 
For any function F: Z --+ 77 we define dF(i) :=F(i) - F(i- 1) and 1 F(i) := 
ES=0 F(j). The function {F is called the lifting of F. An O-sequence H is differen- 
tiable if AH is also an O-sequence. For any field k, the Hilbert function of a reduced 
graded k-algebra is differentiable. By [4], for k infinite, the converse is also true and 
furthermore, a given differentiable O-sequence His the Hilbert function of a reduc- 
ed graded k-algebra provided Ikl is sufficiently big. (For any finite set S, ISI is the 
number of elements in S.) The original motivating problem for this paper was 
“What happens in general if k is finite?“. We show in Section 1 that for any finite 
field k there are differentiable O-sequences which are not Hilbert functions of 
reduced graded k-algebras and provide explicit examples. 
In Section 2 we introduce the generic Hilbert function H of N points in Ip”. Then 
His differentiable, hence by the above discussion is the Hilbert function of a reduc- 
ed k-algebra provided jkl is large enough. We prove that H is actually the Hilbert 
function of an integral k-algebra under suitable assumptions on k, for example if 
k is a finitely generated infinite field (see Theorems 2.2, 2.3 and 2.5 to the end of 
the section). In Section 3 we discuss the Hilbert function G of a complete inter- 
section. For any field k, G is the Hilbert function of a reduced k-algebra (Theorem 
3.2), so we turn our attention to whether or not G is the Hilbert function of an in- 
tegral k-algebra. This is the case for k = Q (Theorem 3.4), but if k is finite we cannot 
decide in all cases. In Section 4 we make further remarks about the Hilbert function 
of an integral domain. In particular Theorem 4.5 shows that an O-sequence H must 
in general satisfy conditions much stronger than differentiability in order to be the 
Hilbert function of an integral domain. We also describe numerical evidence that 
shows that our cardinality assumption in Theorems 2.2 and 2.3 is stronger than 
necessary. 
An important method of producing k-algebras of a particular type with given 
Hilbert function is by the lifting of ideals (see [3] and [9]). We use the terminology 
of [9]. We recall that if A and A’ are k-algebras, the algebra A’ is a lifting of A if 
and only if there exists in A’ a homogeneous element x of degree 1 which is not a 
zero-divisor such that the graded k-algebras A and A’/xA’ are isomorphic. We have: 
HA = AH,,. Furthermore, if Z and I’ are homogeneous ideals in k[X,, . . . ,X,] and 
k]X,, . . . , X,] respectively, then I’ is a lifting of Z (or I’ lifts I) if and only if the k- 
algebra A’ := k[X,, . . . , X,1/Z’ is a lifting of A := k[X,, . . . ,X,1/Z [9, Proposition 21. 
Let H be a differentiable O-sequence with H(1) = n + 1. Then AH is the Hilbert 
function of R/J for some homogeneous ideal J (see [lo]). If the ideal Z of R lifts 
J, then R/Z has Hilbert function H. Thus in order to show that His the Hilbert func- 
tion of a reduced (respectively integral) k-algebra it suffices to find a homogeneous 
ideal J in Z? such that HR,~=AH and J lifts to a radical (respectively) prime ideal. 
We will say that an O-sequence H is liftable to the Hilbert function of a reduced 
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(integral) graded k-algebra if S His the Hilbert function of a reduced (respectively in- 
tegral) graded k-algebra. Theorem 1.9 gives examples of homogeneous ideals J in 
R that are not liftable to a radical ideal but whose Hilbert function is liftable to the 
Hilbert function of a reduced graded k-algebra (so that some other ideal with the 
same Hilbert function as J is liftable to a radical ideal). Theorems 4.3 and 4.4 give 
examples of ideals that are liftable to a radical but not a prime ideal, and whose 
Hilbert function is liftable to the Hilbert function of an integral graded k-algebra. 
For geometrical background see [7]. By a point in P,” we mean a closed point. A 
finite union of points will always be given the reduced subscheme structure. The 
Hilbert function H, of a closed subscheme S of P,” is the Hilbert function of R/I, 
where I is the corresponding saturated ideal. 
1. Configurations in Ip2 
In this section we study configurations of points in P2. As an application we 
prove (Theorem 1.8) that for any finite field k, there exists a differentiable O- 
sequence which is not the Hilbert function of a reduced graded k-algebra. 
Definition 1.1. A k-configuration is a finite set S of k-rational points in Ipi such 
that the following conditions are satisfied: there exist integers 1 Ed, < d2 < ... < d, , 
subsets Sic S, and distinct lines Li such that S is the union of the S,, /Si/ =di, 
Si c L;, and L; (1 < ir m) does not contain any point of Uj,; Sj. The k-configuration 
S is said to be of type (d,,...,d,). 
The previous definition implies that the sets Si are disjoint. The line L, can con- 
tain a point of Sj for j>i - at most one, otherwise Lj= Lj. The type of a k- 
configuration is well defined (see the last remark after the next theorem). 
Theorem 1.2. For 1 Ed, < ... < d,, all k-configurations in Ipi of type (d,, . . . , d,) (k 
any field) have the same Hilbert function, which will be denoted by H’d’3”‘3d1tJ). 
For i?O and s= Cy=, di, we have: H’d’3...sd~fz)(i)=s C+ i?d,- 1. 
Proof. We use induction on m. For m = 1, the Hilbert function of a set of d, col- 
linear points is 1 2 . . . d, + and so both parts of the theorem hold. Let m > 1. Let 
S be a k-configuration of type (d,, . . . , d,). As d,-2rd,,_,- 1 we have by the in- 
ductive assumption: H (d’V...,df~~“(d, - 2)= CyEyl dj. By [4, Corollary 2.81 and the 
inductive assumption, we see that H, is completely determined by d,, . . . , d, , ex- 
plicitly: 
H,(i) = 
(H’d’,...sdfn-l)(i- l))+i+ 1 for i<d,- 1, 
s for izd,- 1. 
We see also: H’d1,...,d7n)(i)=,s @ ird,x- 1. q 
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It follows from the proof of the last theorem that H(d’,...,dm) can be obtained as 
follows: For any d? 1, let rd be the sequence 1 2 . . . d -+ . Write down the sequences 
Q,, . . . . rd,d,,, successively shifted to the left and add: 
rd, 1 2 . . . dl -+ 
% 1 2 3 . . . d2 -+ 
. . . . . . . . . 
=dm 1 2 3 . . . d,+ 
@I....,& : 1 3 ... . 
Explicitly: H(dl> ... 9 do,) (i)= cjm_, r,,(j+i-m). 
By the construction in [4, $31 (see also [5, Q4]), every zero-dimensional differen- 
tiable O-sequence H with H( 1) ~5 3 is the Hilbert function of a k-configuration, thus 
is of the form H (dl....,&) for SOme d t, . . . , d, . The last assertion follows easily also 
from the fact that any zero-dimensional differentiable O-sequence H satisfying 
H(1) I 3 is of the form S G, where G is an O-sequence with G(1) 5 2, and G(i) = 0 
for i large enough. The case G(1) = 1 being trivial, assume that G(1) = 2. By [lo, 
Theorem 2.21, G is of the form 1,2 ,..., d-l,d,e,,e2 ,..., ek ,... where d=eOre,l 
e2>...2ek>... and ej = 0 for i large enough. This implies that H is of the form 
HCd’,...,““) for some dl,...,d,. 
For example, by the previous description of H(dl,...,dm), it easily follows that the 
O-sequences H(dl, ‘.’ ,dm) with di+ 1 >d;+ 2 (1 I i<m) correspond to O-sequences G 
with ei_ 1 -eiI 1 (i> 1). Those with di+l_ , > d.+ 3 correspond to O-sequences with 
e;_, --;I 1 and each ei occuring at least twice (iz 1) (cf. Theorems 1.5 and 1.8 
below). 
The integers d,, . . . , d, for a given O-sequence Hare uniquely determined (in par- 
ticular the type of a k-configuration is well defined): if H= H(d17...,dm), then 
d,,, = a(H), d,,_ 1 = o(H(~~~“‘,~“~‘)) = a((H- T&), where denotes shifting one 
place to the left, etc. (for a zero-dimensional O-sequence H, a(H) is the smallest 
i such that H(j) = constant for Jo i - 1). 
Lemma 1.3. Let S be a k-configuration of type (d,, . . . , d,), S= IJy=, S; as in 
Definition 1.1. Then : 
(a) d,,, is the maximal number of collinear points in S. 
(b) If di + m - i < d, for all 15 i < m, then S, is the unique subset of S which 
consists of d,,, collinear points. 
Proof. (a) For 1 li<m, the line Lj contains just di points of Uj,iSj and at most 
m -i points of Uj,i Sj. Thus, Li contains at most di + m -is d,,, points of S. If a 
line L is different from Li (1 silrn), then L contains at most m points of S and 
mid,,,. Hence, we obtain (a). 
(b) If di+ m - i<d, for some i, then m <d,,, , SO (b) follows from the proof 
of (a). 0 
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Theorem 1.4. Let k be a field and 1 Ed, < d2 < a.. <d, . There exists a k-configura- 
tion of type (d,,...,d,) * k contains at least d, - 1 elements. 
Proof. We may assume that k is a finite field of q elements. 
‘ * ‘. The number of k-rational points on any line in Ipi is q + 1, hence d, I q + 1. 
‘=‘. As rnsd, 5 q + 1, there exist m distinct lines L,, . . . , L, in IT’; with a com- 
mon intersection point P. For any 15 i < m, let Si be a set of d, k-rational points 
on Lj different from P (recall: di<q for i<m). Let S, be any set of d, points on 
L,. Clearly, S := Uy=, Si is a k-configuration of type (d,, . . . ,d,). 0 
Theorem 1.5. Let 1 <d, < d2 < ... <d,,, . Let k be a field, lkl L d, - 1. In the nota- 
tion of Definition 1.1, the following conditions are equivalent: 
(1) For every k-configuration S of type (d,, . . . , d,,,), the sets S; are uniquely 
determined by S. 
(2) di+ 1 -dir2 for lri<m. 
Proof. (1) * (2). Assume di+ I- di = 1 for some 1 <i< m. Let PZ P’ be k-rational 
points in Ipi. There exist i + 1 distinct lines L 1,. . . , Li+ 1 passing through the point 
P. If i + 1 < m, choose m - i - 1 distinct lines Li, 2, . . . , L, passing through P’ which 
do not contain P (notice: Ik( 1 m - i - 1). For 1 <jl i, let Sj be a set of dj k-rational 
points on Lj such that P$ Sj and Sj contains no points of Li+2, . . . , L, (notice 
dj+ m - i<d,+ m - i<d,I lkl + 1). There exists a set Si of di k-rational points 
on Li+l such that P$ S,! and Si contains no points of Li+l, . . . , L, (because 
d,+m-i<lkj+l). Let SI+i :=S;U{P} and Si+1:=SIU{P}. There are sets of 
points S, on Lj (i+ 2<j< m) such that S := Uy=, Sj is a k-configuration of type 
(d ,, . . . , d,). Clearly, we can replace the sets Si, Si+ 1 by S:, Si+ 1 respectively and still 
fulfil the conditions of Definition 1.1. This contradicts (1). 
(2) * (1). Let m> 1. We have di+m-i<d,,, for 1 si<m. By Lemma 1.3(b), S, 
is the unique subset of S consisting of d, collinear points. Hence, S, and S \S, are 
determined by S. Inductively, the sets Si (15 is m - 1) are determined by S \S, 
and so by S. q 
Let Q be an extension field of k. We recall that a closed subscheme of Tpz is 
defined over k if and only if its defining saturated ideal in Q[X,, . . . ,X,] has a set 
of generators in k[&, . . . , X,]. Such a subscheme can be identified with a closed 
subscheme of Ip,“. A point of degree d in [Pi is a point whose residue field is an 
extension of k of degree d. We recall that a line L in Ipi (k a finite field) contains 
a point of degree d for any d. Indeed, we have an isomorphism of schemes: 
L z Ipk 2 Ai =Spec k[X] under which the ideal generated by an irreducible poly- 
nomial of degree d in k[X] corresponds to a point of degree d on L. 
Theorem 1.6. Let k be a finite field of q elements, 1 ad, cd,< ... Cd, and 
di+l - diz 2 for 1 I i< m. The following conditions are equivalent: 
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(1) There exists an Q-configuration defined over k of type (d,, . . . , d,), for some 
extension field Q. 
(2)dl=l andmIq2+1 ord,>l andmsq’+q+l. 
Proof. (1) * (2). Let S be an Q-configuration defined over k of type (d,, . . . ,d,). 
We may assume that Q is a finite (and so a Galois) extension of k. Let G := 
Gal(R/k), and (JE G. Let Si, . . . , S, be as in Definition 1.1. Clearly, the sets 
o(S,), ... , a(S,) fulfil the requirements for S,, . . . , S, in Definition 1 .l, so by 
Theorem 1.5, a(S;) = Si for all i. For any i, the lines L, and o(Li) have in common 
the di points of Si. Hence, if di> 1, then Li = o(Li) for all IT in G, SO Li is defined 
over k. If dl > 1, then all the lines Li are defined over k. As there are exactly 
q2+q+ 1 lines in rPi defined over k, we obtain in this case: msq2+q+ 1. If 
dl = 1, Li is defined over k for 2 5 is m and the unique point P of Si is defined over 
k. The number of lines defined over k which do not contain P is q2, thus m - 1 I q2, 
m5q2+ 1. 
(2)*(l). Let dlz2. As mlq2+q+l, we can pick m lines: L,,...,L, in ipi. 
There exists on Li a point Pi of degree di. Let S’ := {P,, . . . , P,,, >. Let 52 be a finite 
extension of k of degree divisible by d,, . . . , d,. Let S := S’@Qk Q. We have: S is an 
Q-configuration defined over k of type (d,, . . . , d,). 
In case d, = 1, let P, be a k-rational point of Ip:. There are q2 lines in IP; which 
do not pass through P, . As m 5 q2 + 1, we can pick lines L2, . . . , L, not passing 
through P, . Choose a point Pi of degree di on L, (21 ilm). After extending scalars 
to Q as above, we obtain an Q-configuration as required. q 
Lemma 1.7. Let l<d,<d,<...<d,, di+,Idi+3forl<i<m. Thenforanyfield 
k, a finite set S of k-rational points in rPt has Hilbert function H(dl,.“,dilzJ # S is a 
k-configuration of type (d,, . . . , d,). 
Proof. ‘=‘. Obvious. 
‘*‘. The values of H’d’,...,d’“’ at d,-2,d,- l,d, are s-2,s- 1,s respectively. 
By [4, Proposition 5.21, S contains a set S, of d, collinear points and the Hilbert 
function of S \S, is H(dl,...,d”ml) (note that the two inequalities in [4, Proposition 
5.2(ii)] are incorrect. They should be replaced by the inequalities Oli<d- 3 and 
i? d- 3 respectively). By induction, we conclude that S is a configuration of type 
(d ,,...,dm). 0 
Theorem 1.8. Let k be a finite field of q elements. Let 1 <d, <d,< ... <d,, 
di+ 1 2 d, + 3 for 15 i < m. The following conditions are equivalent: 
(1) H(d’,...,dni) s the Hilbert function of a reduced graded k-algebra. 
(2)di=l andm<q2+l ord,>l andm<q2+q+l. 
Thus, there are differentiable O-sequences H with H(1) = 3 which are not Hilbert 
functions of reduced graded k-algebras. 
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Proof. The existence of such a reduced graded k-algebra is equivalent to the existence 
of a set S of Q-rational points in P2,, for some extension Q of k with S defined 
over k and with Hs =H(dlV...,d,rl). The theorem follows from Theorem 1.6 and 
Lemma 1.7. 0 
Let m > 2. Note that H(1,3,5,...Y2mP ‘) = CI(m, m) (which is the Hilbert function of 
a complete intersection. See Section 3 for the definition of CI(m, m)). Clearly, a set 
of k-rational points with Hilbert function CI(m,m) need not be a k-configuration, 
and we will prove in Theorem 3.2 that CI(m, m) is the Hilbert function of a reduced 
graded k-algebra for any field k. Thus d,, 1 _ , P-C’.+ 2 does not suffice in Lemma 1.7 
or Theorem 1.8. 
Example. We use the notation of Theorem 1.8. Let k= (Fz, thus q=2, q2+ 1 = 5. 
Let m =6. By Theorem 1.8, H(“4T7,10,13,‘6) is not the Hilbert function of a reduced 
graded If*-algebra. Explicitly, H (1,4,731%13316) is the sequence 
1 3 6 10 15 21 26 31 35 39 42 45 47 49 50 51+. 
This is the example of lowest degree given by Theorem 1.8. It is not clear if there 
is a zero-dimensional differentiable O-sequence of lower degree which is not the 
Hilbert function of a graded E,-algebra. Of course such an O-sequence could not 
be of the type described in Theorem 1.8. 
Theorem 1.9. For 1 5 d, < d2 < a*. < d,n and any field k, AH’d’,.‘.5d”‘) is the Hilbert 
function of k[X,, X21/I, where I is the ideal (Xy^, Xl” ‘X$, . . . ,X$“). For k finite, 
n 2 2, and suitable m, di, the ideal Ik[X,, . . . , X,,] is not liftable to a radical ideal in 
k[Xo, ...I X,], but its Hilbert function is liftable to the Hilbert function of a reduc- 
ed graded k-algebra. 
Proof (cf. [3]). Let K be an infinite extension of k. For j= 1,2 choose distinct 
elements tji in K (O<i<m for j=l and O<i<d, for j=2). Let S be the set of 
points (1 : t,,+ , : t2,ifp1) (1 rism, 1 si’sd,). By [3, $21 we have: AH, is the Hilbert 
function of k[X,,X,]/Z. For 1 rilm, let Sj be the set of points (1 : tl,i_l : t,,,,_,) 
(1 I i’s d,). Thus, Si consists of d, points and clearly S := lJy= 1 Si is a configuration 
of type (d,, . . ..d.). 
If k is finite (Ikl =q), let 1 <rn~q* + 1 and d, Q ... ed,. Then the ideal 
Zk[X,, . . . , X,] is not liftable to a radical ideal by [9, Theorem 91 and its proof. 
However, by Theorem 1.8, H’d’*...,df71), which is the lifting of the Hilbert function 
corresponding to I, is the Hilbert function of a reduced graded k-algebra. U 
2. Generic Hilbert functions 
In this section we discuss the generic Hilbert function CH(N,n) of N points in 
IP”. The O-sequence GH(N,n) is differentiable, hence is the Hilbert function of a 
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reduced graded k-algebra provided (kl is large enough. Unlike the case in Theorem 
1.8, we do not know if the cardinality assumption on k is necessary. In this section, 
we prove that if k is finite (again with ]kl large enough), then GH(N, n) is the Hilbert 
function of an integral graded k-algebra (Theorems 2.2 and 2.3). This result is ex- 
tended to infinite fields in Theorem 2.5. 
Let n and N be integers L 1. We define GH(N, n) by the formula GH(N, n)(i) = 
min((“l’),N) for i?O. If there is a set S of N k-rational points in generic position 
in lPt (n 2 1) 14, Definition 2.41, then W,(i) = GH(N, n)(i) for all i? 0 (such S exists 
if lkl is large enough). Thus, we will call GH(N,n) the generic Hilbert function of 
N in points in Ip”. 
Note that if A is an integral graded k-algebra whose Hilbert function is a zero- 
dimensional O-sequence of degree d, then Proj A is isomorphic to Spec K, where K 
is an extension field of k of degree d. Thus an obvious necessary condition for 
GH(N,n) to be the Hilbert function of an integral graded k-algebra is that k have 
an extension field of degree N (cf. Theorem 2.1 below). 
Let J be a (not necessarily homogeneous) ideal in Z?. We denote by HzIJ(i) the 
dimension of the k-vector subspace of R/J generated by the image of polynomials 
in Z? of degree ii. Let Z be the homogenization of J with respect to X,,. Then 
H,$,J=HR,I 16, 141.81. Furthermore, if Z is a homogeneous ideal in R such that X0 
is not a zero-divisor mod I, then Z is the homogenization with respect to X0 of 
mx,, -.-> Xn) := {f(l,X,, . . ..Xn).f(X,, . . ..X.)EJ} 
and so for J=Z(l, Xi, . . . ,X,,) we have HZ/J= HR,t. The next theorem is the basic 
tool used in the proofs of Theorem 2.2 and 2.3. 
Theorem 2.1. Let k be a field, and N, n integers 2 1. Let d be defined by (” id) I 
N<( “+f+‘) and let r=N-(“id ). The following conditions are equivalent: 
(1) There is a homogeneous prime ideal P such that GH(N, n) is the Hilbert func- 
tion of the integral domain k[X,,, . . ..X.]/P. 
(2) There exist 
- a set of monomials {X*1,,,, in k[X, , . . . ,X,, ] which consists of all monomials 
of degree <d and r monomials of degree d + 1, 
_ a field extension L of k and elements ir . . . , s,, of L such that the set 1s’ In EA 
is a k-basis for L. 
Proof. Assume that (1) holds. Without loss of generality we can assume that 
X,tIP. Let M=P(l,X, ,..., X,), so M is prime in Zi and H&,,,t = HR,p = GH(N, n). 
Let L := k[X,, . . . ,X,1/M, and let si be the image of X, in L. It follows from the 
definitions of H’ and GH(N,n) that there exists a set of monomials {s’}~.=,, as in 
(2) which is a k-basis for L. As L is an integral domain and an N-dimensional vector 
space over k, we see that L is a field. 
If (2) holds, let M:= ker(k[X,, . . . , X,] + L) (where Xi is mapped to Si) and let P 
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be the homogenization of M with respect to Xc. Then P is prime in R and HRIp= 
H&M=GH(N,n), thus (1) holds. 0 
It follows directly from the definitions that if J is a homogeneous ideal in ii, then 
the algebras B/J and R/(X,, . . . , X,f have the same Hilbert function if and only if 
J=(X,, . . . . X,)d. Hence, (X,, ,.. , X,)d is liftable to a radical (respectively prime) 
ideal in R if and only if the Hilbert function of k[X,, . . . ,X,1/(X,, . . . ,X,,)d is lift- 
able to the Hilbert function of a reduced (respectively integral) k-algebra. Further- 
more, we have H~,,,,,..,X”~d=dGH(N,n) where N=(“+i-‘). Thus, Theorem 2.1 
generalizes [9, Lemma 111. 
As usual, if a is a real number, [a] denotes the largest integer ~a. 
Theorem 2.2 (cf. 19, Proposition 121). If qr+d+2 (equivalently, qz [+(d+ S)]), 
then the ideal (X, Y)d of ff,[X, Yl is liftable to a prime ideal. 
Proof. Let N=(dl’), the number of monomials in k[X, Y] of degree cd. Let 
m = [+(d + l)] and r = N/m, that is (as pairs of integers) 
(m, r) = 
(+d,d+ 1) if d is even, 
(+(d+ I), d) if d is odd. 
We have by assumption: q > 2, m I q - 2. Let k = IF,. Let L be a field extension 
of k of degree N. Let SE L, [k(s): k] = r. We search for a generator t of L over k 
such that the elements s’tj (O<i+j<d) are k-linearly independent, thus finishing 
the proof by Theorem 2.1. 
An element of L is not a generator of L over k if and only if it belongs to some 
proper subfield L’of L, thus [L’: k] IN- 1. It follows that the number of generators 
of L over k is at least 
N-l N -2 qN_ c q’>qN_%= ~ Nq 
i=l q-l q q-l 
(cf. [8, remark after Example 3.261). 
On the other hand, if t generates L over k (or even just over k(s)) and t is a root 
of a polynomialf(Y) := &Si+jcdatisiYj, where aij are ink not all 0, thenf(Y)fO, 
because [k(s): k] = t-2 d. As [k(s)(t): k(s)] = m, t has m distinct conjugates over k(s) 
and as degf( Y) < ds 2m, we see that f( Y) has at most m roots which are generators 
of L over k(s). The number of polynomials f(Y), as above after identifying propor- 
tional polynomials, is (qN- l)/(q- 1). Thus, the total number of roots of such 
polynomials which are generators of L over k(s) is at most ((qN- l)/(q - 1)). m I 
(qN- 1). ((q- 2)/(q- 1))~ the number of generators of L over k. Hence, there 
exists a generator t of L over k such that f(t) # 0 for all polynomials f(Y) as above, 
that is the elements siti (O_ci+j<d) are k-linearly independent. 0 
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Theorem 2.3. Let n 2 1, IV2 1, and lkl =q. If NC (“A”), then GH(N, n) is the 
Hilbert function of an integral graded k-algebra. 
Proof. If n=l, N>l, lkl< 03, then GH(N,n) is always the Hilbert function of an 
integral graded k-algebra since there is an irreducible polynomial of degree N in 
k[X]. Assume now nr2. 
Define d by the inequalities (‘zd)~N<(“+f” ). The hypothesis is equivalent to 
qrd+ 1. 
Ifd=O,thenl~N<n+l,solets, ,..., s, be a basis for a field extension of k of 
degree N. Thus, we conclude by Theorem 2.1 that F is the Hilbert function of an 
integral k-algebra. 
Let d>O. Let r :=N-( ‘z “) and let 9 be the set of all monomials of degree 5 d 
together with r monomials of degree d+ 1 which are distinct from X,d+ ‘. Let L be 
an extension of k of degree N. We obtain successively elements s,, . . . ,s, of L 
(1 I m 5 n) such that the elements s;l. . . sk for X$ . . . X2 in 9, are k-linearly in- 
dependent. If m = 1, let S, be a generator of L over k. The minimal polynomial of 
s1 over k is of degree N>d + 1. As all monomials in 9’ are of degree cd + 1, we 
conclude that the elements si, where Xi E 8, are k-linearly independent. Let 
l<m~nandlets,,..., s, _ 1 be the elements already obtained inductively. Consider 
the polynomial f(X) = C a;,, ,__, ;,,.si’ . . . ~2: ix”‘, where the summation is over all se- 
quences (il, . . . , i,) such that Xi’ . . . X2 is in 9 and the coefficients ai,, ,_,, ;,,, are 
in k not all 0. Fix i, such that a;,, ,_, ;,,, 20 for some il, . . . , i,_ 1. Then, since 
Xfl . . . X2 E 9 implies Xi1 . . . Xk_iE 9, by the inductive assumption, the coeffi- 
cient of Xi’” in f is not zero, so f(X) # 0. 
If m<n, then by identifying proportional polynomials, we obtain at most 
(4 N-1 - l)/(q- 1) polynomials of this type (recall: d>O, so X, E 9). The total 
number of roots of such polynomials is at most 
4 
Hence, there exists s, in L such that f (s,) # 0 for all polynomials f as above. 
Let m = n. Using a similar argument, we see that the total number of roots of 




(Recall: X,, d+ ’ $9, thus deg f(X) 5 d). By Theorem 2.1 we conclude that GH(N, n) 
is the Hilbert function of an integral k-algebra. q 
Lemma 2.4. Let n and N be positive integers. Let (“id)~N<(“+f+l). Let k be a 
field, A = fly! 1 Li, a direct product of separable field extensions of k, with 
dim,A =N. Let 9 be a set of monomials {X’},,, in i? which consists of all 
monomials of degree <d and N-(“id) monomials of degree d+ 1. Assume 
jkl >(d+ 1)“. Then there exist elements s,, . . ..s. in A such that the set {s’}~,~ is 
a k-basis for A. 
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Proof. We may assume N> 1. First, assume that k is finite, Ikl =q. Let F(X) = 
c %,,...,;,Xfl . . . Xj be a nonzero polynomial in R, where the summation is over all 
sequences (it, . . . , i,) such that Xi’ . . . X,!/ is in 9 and the coefficients aj ,,_,_, in are in 
k. As deg Fsd+ 1, by [8, Theorem 6.131 the number of solutions in L: to the 
equation F(X) = 0 is at most (d+ l)lLil’P1 (15 is m). Thus, the number of solu- 
tions to this equation in A” is at most 
,ii, ((d-t l)lLil’P’)=(d+ l)mlA/‘P1=(d+ l)mqN+? 
The number of all polynomials F(X) as above, after identifying k-proportional 
polynomials is (qN- l)/(q- 1). Thus, the total number of solutions in A” to equa- 
tions of the type F(X) = 0 is at most 
qN-1 
g_.((d+l)“‘qN(n~l)<qN~.~ (d-t l>‘, < qNn 
q-l - 
= lA"I. 
Hence, there exist s,, . . . , s, in A such that F(s,, . . . ,s,) # 0 for all F as above. This 
means that the set {s’}~,~ is k-linearly independent and as its cardinality is N, it 
is a k-basis for A. 
Consider now the case k infinite. Let 95’ be a k-basis of A, D the discriminant 
of 8, thus D #O. Let x1, . . . , x, be all the coefficients of the products uu, where U, u 
are in 93, with respect to the k-basis 5%‘. We claim that there exist a subring T of 
k containing x1, . . . , x, (which implies that DE T) and a maximal ideal A4 of T such 
that DeM, T/M is a finite field and IT/MI > t := (d+ l)N. 
Indeed, if char k = 0, let T := Z[x,, . . . ,x,] and let C be the product of all primes 
in Z which are I t. There exists a maximal ideal M in T such that CD $ M, so D $ M 
and T/M is finite. We have Z tl M = Zp for some prime p > t, hence I T/M I> t. 
Now, assume that char k is finite and let T, be the prime subfield of k. If k is 
algebraic over T,, let T be a finite subfield of k containing x1, . . . ,x, such that 
/ TI > t and let M= 0. If k is not algebraic over T,, let y be an element of k which 
is transcendental over T,. Let T := T, [y, xl, . . . , x,.]. Let C be the product of all non- 
zero polynomials in T,[y] of degree I t. Let M be a maximal ideal of T such that 
CDi$M. 
Now, let T and M as above, k0 := T/M. Clearly, 55’ is a free T-basis for T[%‘]. 
Let A’ := T[SS’]l/MT[B] and let 55” be the canonical image of 5%’ in A’, thus 95’ 
is a k,-,-basis for A’. As Da M, the discriminant of 55” is nonzero. It follows that 
A’ is a separable kc,-algebra, thus a direct product of at most N finite field exten- 
sions of kO. As Ikol >(d+ l)N and dim,,A’=N, we conclude by the first part of 
the proof that there exist elements s;, . . . ,sA in A’ such that the set {.Is’~}~~,, is a 
k,-basis for A’. Let s,, . . . , s, be elements in T[%‘] such that s;, . . . ,sA respectively 
are their canonical images in A’. As {.Y”}~~,, is a kc,-basis for A’, the matrix of the 
coefficients of {s’}iEn with respect to .%’ has a nonzero determinant. It follows 
that {s’}~~,, is a k-basis for A. 0 
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As a consequence of Theorem 2.1 and Lemma 2.4, we obtain 
Theorem 2.5. Let k be an infinite field. Assume that there exists a separable field 
extension of degree N over k. Then the generic Hilbert function of N points in P” 
(n 2 1) is the Hilbert function of an integral graded k-algebra. 0 
If k is infinite perfect, there is a separable field extension of degree N over k (and 
hence Theorem 2.5 applies) if and only if there is an irreducible polynomial of 
degree N over k. If k is a finitely generated infinite field, then Theorem 2.5 also 
applies, by the following lemma: 
Lemma 2.6. Let k be a finitely generated infinite field. Then there exists an irreduci- 
ble separable polynomial of degree N over k (Nz 1). 
Proof. Let T be the smallest subring of k and D a transcendence basis of k over the 
quotient field of T. There exist elements x1, . . . ,x, which are integral over T[Q] 
such that k = k,(xl, . . . , x,), where kO is the prime field contained in k. Let A := 
TV&x,, ***, x,]. Let Mi be a maximal ideal of T. There exists a maximal ideal M of 
A which contains M, UQ. Hence A/M is a finite extension of T/M,, which is a 
finite field. Thus, A/M is a finite field and so there exists in (A/M)[X] a manic 
irreducible polynomial f(X) of degree N. Let fO(X) be a polynomial in A[X] which 
has f(X) as canonical image. ClearIy, fO(X) is irreducible and its discriminant d is 
not 0 because d is not 0 modM. Hence, fO(X) is an irreducible separable poly- 
nomial of degree N over k. c7 
By Theorem 2.5, if k is a finitely generated infinite field (in particular if k=Q), 
then any power of the ideal (Xi, . . . , X,) in f? is liftable to a prime ideal. This 
generalizes [9, Proposition 131. 
3. Hilbert functions of complete intersections 
In this section we consider the Hilbert function CI(d,, . . . ,d,) of a complete in- 
tersection. This O-sequence is always the Hilbert function of a reduced graded 
k-algebra (Theorem 3.2). Thus we try to prove that CI(d,, . . ..d.,) is the Hilbert 
function of an integral graded k-algebra. A natural approach is to try lifting the 
ideal (XF, . . . , X$) of R to a prime ideal. This is always possible if k= Q 
(Theorem 3.4) but we cannot decide in all cases if k is finite. Rather than lifting 
(X,“l, . . . ) X,$) directly to a prime ideal of R we find it more convenient to use a 
lifting criterion from [9]. We first define CI(dl, . . . ,d,,). 
Definition. We denote by CI(n; dl, . . . , d,) (rsn) the Hilbert function of the com- 
plete intersection R/(f,, . . . , f,.), where R = k[Xo, . . . ,X,1, and <fi, . . . , f,> is an R- 
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sequence with fj homogeneous of degree di. The function CI(n; di, . . . , d,,) will be 
denoted by CI(d,, . . . , d,). 
Note that the Hilbert function of k[X,,...,X,]/(X,dl,...,X,?) (TIN) is 
dCI(n; dl, 1.. , d,). Now we recall the lifting criterion. 
If f is a nonzero polynomial in R, we denote by Idf) the form of highest degree 
occurring in f. If J is an ideal in R, we denote by I(J) the ideal generated by 
(f(f):f~J). We have by [9, Proposition 51: 
Lifting Criterion. A homogeneous ideal J in l? is liftable to a radical (respectively 
prime) ideal in R if and only if there is a radical (respectively prime) ideal 1 in R 
such that I(& = J. 
In order to verify the Lifting Criterion for the ideal J= (Xpl, . . . ,X2), we con- 
struct a radical (respectively prime) ideal of R generated by polynomials f,, . . . , f, 
with l(f;) =X,@l for all i and use the following lemma: 
Lemma 3.1. Let f,, . . . , f, be elements of R such that <f(f,), . . . ,I(f,)> is an R- 
sequence in R. Then (f,, . . . , f, > is an R-sequence and if I is the ideal (f,, . . . , f,), 
then 40 = U(fi ), . . . , idf,)). 
Proof. The proof is by induction on r, the case r= 1 being obvious. Let r> 1. Let 
fECf,, . . . . f,). Write f = CT= Ig,fi, gj E R, with deg I(g,) minimal (we define I(0) = 0, 
degO=-oo). We want to show l(f)e(I(fi), . . . . l(f,)). This is clear by induction if 
f(g,f,) + i( 1;:: g;f,) #O, because in this case Idf) = l(g,f,>, or Icf) = I( C:;: g,f,), or 
I(f) = I(g,f,.) + I( Erg: g&), each yielding U) E (Ui ), . . . , Qf,)). Assume 4g,f,) + 
QCcI:g,f,)=O. We have I(g,)l(f,)=I(g,f,)EI(f,,...,f,-,)=(l(f,),...,I(f,-,)). As 
Wfi), . . . ,W)> is an R-sequence, we obtain I(g,) E (I(fi), . . . , IV;_ 1)). If g,fO, there 
exist hi E R (1~ is r - 1) such that for g: := g, - CiLi hi& we have deg I(g:) < deg I&). 
Let g,! = gj+ h;f, (1 I is r - 1). We have f = I:=, gilf, with deg I(g:) < deg I(g,), con- 
tradiction. It follows that g,.= 0, and l(f) E /(fi, . . . , f,_ ,) = (lcfi), . . . , l(f,_ ,)). 
Hence &f,, . . . , f,) = (4fi), . . . , KL)). Clearly (fly . . . ,f,) +R. 
We now prove that f, is not a zero-divisor mod (fi, . . . , fr_l). Indeed, let f,ge 
(f,, ... , f,-1) with g$(f,,..., f,_ ]) and deg I(g) minimal. From the minimality of 
deg I(g) it follows that I(g) $ (Qf,), . . . , &f,- 1)). We have Idf,)l(g) E &fi, ,. . , f,_ ]) = 
(4fi )T .. . 9 u- I)), contradicting the fact that l(f,) is not a zero-divisor modulo 
Mf,), . ..> l(fr_l)). It follows that <fi, . . . , f,) is an R-sequence. q 
Theorem 3.2. The ideal (Xp , . . . ,X,$) of R is liftable to a radical ideal for any 
field k and positive integers dl, . . . , d,, . Hence CI(d,, . . . , d,) is the Hilbert function 
of a reduced graded algebra over any field. 
Proof. Let J;:(X) be a polynomial in k[X] of degree d, (1 I iln) that has distinct 
roots in an algebraic closure of k. Let M:=(f,(X,), . . . . f,(X,,)). Then M is a 
radical ideal in k[X,, . . . ,X,] and I(M) = (X$, . . . ,X2) by Lemma 3.1. q 
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More generally, Theorem 3.2 implies that for ran, the ideal (Xp, . . . ,X:) of 
k[X,, . . . ,X,] is liftable to a radical ideal. A similar remark holds for other results 
of this type below. 
Theorem 3.3. Let k be a finite field and let d,, . . . , d,, be pairwise relatively prime 
positive integers. Then the ideal (Xfl, . . . , X2) of k[X,, . . . , X,,] is liftable to a 
prime ideal. Hence CI(d,, . . . , d,,) is the Hilbert function of an integral graded k- 
algebra. 
Proof. Let fi(X) be an irreducible polynomial in k[X] of degree d; (1 ~isn). Let 
M:=Cf*(X,),... ,f,(X,)). Then M is a prime ideal in k[X,,...,X,] and l(M)= 
(X,“l, . . . , X2) by Lemma 3.1. 0 
Theorem 3.4. For any positive integers d,, . . . ,d,, the ideal (XF, . . . , X2) in 
Q$X,, . . . . X,] is liftable to a prime ideal. Hence CI(d,, . . . , d,) is the Hilbert func- 
tion of an integral graded Q-algebra. 
Proof. Let pl, . . . , pn be distinct primes. Let 0 be the homomorphism of Q-algebras 
@:Qs[X,,..., X,1-Q(“G,...,“G) such that @(X,) =G (1 <i<n). We have 
(Xp’l -P , ,..., X,d”-pn)cker@ and dim,Q[X, ,..., X,]/(X$-p, ,..., X$-p,)= 
fly=, d; = dim, Q(“G, . . . , “G), the last equality being well known. Thus, M := 
(X,dl-P ,, . . . , X,$ -p,) is a maximal ideal in Q[X,, . . . , X,,] with l(M) = (Xp, . . . , X$). 
0 
We recall that by the Vahlen-Capelli theorem, a polynomial of the form Xd-s 
over a field k is reducible if and only ifs has a uth root in k for some prime divisor 
u of d or 41d and s=-4t4 for some t in k (see e.g. [l, Chapter 5, Example 11, 
p. 2121). 
Theorem 3.5. Let k be a finite field, JkJ =q, and d,, . . ..d. positive integers, 
d := nr=, di. Assume that any prime factor of d divides q - 1. Assume also that 
4{d or: char k>2 and - 1 is a square in k. Then, the ideal (Xfl, . . . , X:) of R is 
liftable to a prime ideal. 
Proof. Let s be a primitive element of k. Any prime factor u of d divides q - 1, hence 
s has no u th root in k. Thus, the polynomial Xd - s is irreducible over k, in case 
4{d. Assume now that char k is odd and - 1 is a square in k. The element s is not 
of the form s = - 4t4 for t in k, because that would imply that s is a square in k. 
Hence, the polynomial Xd-s is irreducible over k under any of our assumptions. 
Let f,:=X,d’-s and for l<i<n, let fi:=Xy-Xi_,. Let M be the ideal 
cf ,, . . . , f,) of R. We have R/M= k[X]/(Xd-s). Hence, M is a maximal ideal in 17 
and l(M) = (X,“] , . . . , X$). We conclude that the ideal (Xfl, . . . , X2) is liftable to a 
prime ideal. q 
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Theorem 3.6. Let d,, . . . , d,, be positive integers, p a prime such that p{ nr=, di. 
For any finite field k of characteristic p, there exists a finite field extension L such 
that the idea/ (Xp, . . . ,X2) of L[X,, . . . ,X,1 is liftable to a prime ideal. 
Proof. By extending k, we may assume that - 1 is a square in k. Let d := nr= l di. 
As p{d, there is r such that Ikl’= 1 mod d. Let L be a field extension of degree r 
over k. We have d 1 jLI - 1. Hence, if char k#2, we conclude the proof by the 
previous theorem. If char k=2, then 4{d, so we conclude again by the previous 
theorem. 0 
Remarks. The conclusion of the last theorem can be formulated equivalently as 
follows: for infinitely many integers r, the ideal (Xp, . . . ,X2) of [FPr[XI, . . . , X,,] is 
liftable to a prime ideal. 
Using the lifting criterion above we see that Theorem 3.6 is false for an algebra- 
ically closed field k if any of the di’s is greater than 1. 
Lemma 3.1. Let k$L be finite fields. Then there exists a generator of L over k 
with trace 0, except if char k=2 and [L: k] =2. 
Proof. Let Ikj = 4, [L: k] = n and T:= TrL,I(. T: L + k is a nonzero linear transfor- 
mation over k, hence dim, ker T=n - 1, thus there are exactly qn-’ elements in L 
of zero trace. 
First, assume that nr3. For any field K such that kc K$L, we have 
[K: k] 5 n - 2. Hence, the number of elements of L which are not generators over 
k is at most 
Therefore, there exists a generator s of L over k of zero trace. 
Let n=2. The number of elements in L of zero trace is 4. Therefore, any 
generator of L over k (i.e. any element in L \ k) has nonzero trace if and only if any 
element in k has zero trace, that is if and only if char k==2. 0 
Lemma 3.8. Let L be a finite field, x a generator of the multiplicative group of L. 
Then, for any n 2 3 there exists an irreducible polynomial f (Y) in L[ Y] of the form 
f(Y)= Y”+ Cr:ia;Y’, where a,_,=l, 0 or x. 
Proof. By the previous lemma, there exists an irreducible polynomial g(Y) in L[ Y] 
of the form g(Y) = Y”+ dYnm2 + ... . We may assume that d#O. Let d=x” (r> 1) 
and r’= [ir]. Let f(Y) :=x-““g(x”Y). Clearly, f(Y) fulfils the requirements in the 
lemma. 0 
Theorem 3.9. Over any finite field k, CI(m, n) is the Hilbert function of an integral 
graded k-algebra if 15 m i 4. 
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Proof. First assume n L 3. Let L be a field extension of k of degree m and let x be 
a generator of the multiplicative group of L. By Lemma 3.8, there exists an irreduci- 
ble polynomial f(Y) E L[Y] of the form f(Y) = Y” + Cyli aiY’, where an_2 = 0, 1 
or x. Hence, there exists a polynomial g(X, Y) in k[X, Y] such that f(Y) = g(x, Y) 
and deg l(g) = n (any coefficient ai can be expressed as a polynomial in x over k of 
degree I 3). Let h(X) be the minimal polynomial of x over k. Let M be the ideal 
(h(X), g(X, Y)) in k[X, Y]. Clearly, k[X, Y]/M= L[ Y]/f( Y), so M is a maximal 
ideal. Let u := I(g(X, Y)). The form u has degree n and is not divisible by X, hence, 
by Lemma 3.1, I(M) = (X”, u). We conclude that the ideal (X”, U) is liftable to a 
prime ideal so CI(m, n) is the Hilbert function of an integral graded k-algebra. 
Now, let n = 2. By the first part of the proof, we may assume also that m = 2. Take 
as above a field extension k(x) of degree m = 2 of k and use the fact that there exists 
an irreducible polynomial over k(x) of the form Y2 - Y-a. 0 
In fact for any finite field k, for m = 2,3 and for any n ~1, the ideal (X”, Y”) of 
k[X, Y] is liftable to a prime ideal. Indeed, if m = 3 in the above proof, then 
u = Y”. The preceding paragraph shows that (X2, Y2) is liftable to a prime ideal. 
Let k be a field, L an extension of degree m over k. If there exists an irreducible 
polynomial of degree n over L of the form f(X)+a, where f(X) E k[X] and a 
generates L over k, then the ideal (X”, Y”) in k[X, Y] is liftable to a prime ideal. 
The existence of an irreducible polynomial f(X) + a over L as above is equivalent 
to the existence of an irreducible polynomial over k of the form h,(h2(X)), where 
deg hi =m and deg h, = n (see [l, Chapter 5, Exercise (lo), p. 2121). 
4. Hilbert functions of integral domains 
In this section we make some further remarks about the Hilbert function of an 
integral domain and about lifting to a prime ideal. 
A homogeneous ideal I in R is zero-dimensional if fi= (X,, . . . ,X,,), that is, 
dim, R/I< 03. 
Theorem 4.1. Let L be an algebraic extension of a field k and I a homogeneous zero- 
dimensional ideal in k[X,, . . . , X,]. Assume that the degree over k of any element 
in L is coprime to dimk k [X,, . . . , X,,]/I (if L is a finite extension of k, this holds if 
and only if [L: k] and dim, k[X,, . . . , X,,]/I are coprime). If I is liftable to a prime 
ideal, then the ideal IL [X,, . . . , X,,] of L[X,, . . . , X,, ] is also liftable to a prime ideal. 
Proof. Let A4 be a maximal ideal in k[X,, . . . , X,] such that [(?&)=I. Clearly, 
l(M)L]X, , * * * 1 X,] c I(ML[X,, . . . ,X,1). On the other hand, let B= (b,, . . . , b,) be a 
basis of L over k and f = EYE 1 bifi be a nonzero element of ML[X,, . . . ,X,1, where 
fi are nonzero elements in MC k[X,, . . . ,X,1. Let d := max deglSismfi. Then, 
i: degf= d, 
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Therefore, I(ML[X,, . . . ,X,1) = /(M)L[X,, . . . ,X,,] =ZL[X,, . . . ,X,1. For any field F 
contained in L and of finite degree over k, we have [F: k] and dimk k[X,, . . . , X,,]/M= 
dim, k[X,, . . . , X,,]/Z are coprime. Hence, F[X,, . . . , X,]/MF[X,, . . . , X,] 3 
k[X1, . . . . X,,]/M&F is a field. Therefore, ML[X,, . . ..X.] is a maximal ideal in 
L[X1, . . . . X,]. We conclude that the ideal ZLIXl, . . . , X,] is liftable to a prime ideal. 
0 
Remark. If k is a perfect field, L an algebraic extension of k and the ideal I of 
k[X,, . . . ,X,] is liftable to a radical ideal, then the ideal ZL[X,, . . . ,X,,] is also lift- 
able to a radical ideal. (If A’ is a reduced k-algebra which is a lifting of A := 
QX,, . . . . X,1/Z, then A’& L is a reduced L-algebra which is a lifting of A Ok L G 
L[X*, . . . ,X,I~~-uX,, ... ,X,1.) 
Example. In order to show that (X, Y)S is liftable to a prime ideal over any finite 
field, it is enough to prove this for fields of cardinality <5 (see e.g. Theorem 2.2 
above). Using Theorem 4.1, we see that it is not necessary to check this for [F,. In- 
deed, we have dim,, LF,[X, Y]/(X, Y)’ = 15, which is coprime to [[F,: F,] = 2. Thus, 
the liftability for iF, follows from the liftability for (F,. In fact, it can be checked 
that (X, Y)5 is liftable to a prime ideal over 1F, and [F, and so over any finite field. 
Theorem 4.2. Let k be a finite field and Z a zero-dimensional ideal in k[X,, . , . , X,] 
which is liftable to a prime ideal. Then there exists an infinite field L containing k 
such that ZL[X,, . . . , X,, ] is liftable to a prime ideal. 
Proof. Let Q be an algebraic closure of k and let L be the union of all extensions 
of k in Q of degree coprime to dimk k[X,, . . . ,X,1/Z. 0 
Theorem 4.3. Let m L 2, n 2 2, k a field. The ideal (X”, Y”, XY) of k[X, Y] is lift- 
able to a prime ideal if and only if m = n and k has a simple field extension of degree 
2n - 1. On the other hand all the ideals (X”, Y”,XY) are liftable to radical ideals. 
Proof. Assume that Z := (X”, Y”, XY) is liftable to a prime ideal. Then there exists 
a maximal ideal M in k[X, Y] with l(M) =I. Let L :== k[X, Y]/M, x:=X+ M, 
y := Y+ M. We have dimk L = dimk k[X, Y]/(Xm, Y”, XY) = m + n - 1, the latter 
equality holding because {1,X, . . . ,8”- ‘, r, . . . , r”- ‘} is a basis of k[X, Y]/ 
(X”, Y”,XY) over k. As XYE Z=l(M), we have XY+ aX+ bY+ce M for some 
a,b,c in k. Thus xy+ax+by+c=O, so y(x+b)Ek(x). But x+b#O because 
Xg l(M), hence y E k(x) and L = k(x). (In particular, if m = n and Z is liftable to a 
prime ideal, then L is a simple field extension of k of degree 2n - 1.) 
Now assume that mfn (e.g. m<n) and continue with the notation of the 
preceding paragraph. We have (y + a)(x+ b) = ab - c# 0. Let R :=x+ 6, j := 
(y + a)/(ab - c), so Q= 1 and L = k(3). Let f(X) := Xd + Cf:i aiX’ be the minimal 
polynomial of _? over k, where d = m + n - 1. For r = n - 1 we have 
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d-l 
O=p'f(~=~' ~‘+ao+ C Ui~’ 
i=l > 
Let 
g(x, Y):=XdP’+fzoY’+ c a@‘+ c aJ-‘. 
rci<d Icier 
If n - 1 >m, then Z&(X, Y)) =cloYn-r. As x and y are linear polynomials of ,i? and 
p, we obtain in M a polynomial with leading form Yam’, contradiction. If 
n - 1 = m, we obtain in A4 a polynomial with leading form Y”- ’ + o9Y’ for some 01 
in k, so also a polynomial with leading form Y”- *, contradiction. 
Now, assume that m = n and k has a simple field extension of degree d := 2n - 1. 
Let f(X) be an irreducible polynomial in k[X] of degree d. Let M := (J(X), XY- 1). 
By the previous argument, we have Y “-‘f(X) =g(X, Y) mod M for some poly- 
nomial g(X, Y) with Z(g(X, Y)) =Xm, so X” E /(M). Considering the polynomial 
Y”f(X) we obtain by a similar argument a polynomial in A4 with leading form 
Yrn. It follows that Z(M) a I. On the other hand we have dimk k[X, Y]/M= 
dim, k[X]/(f(X)) =d, so f(M)=Z. We conclude that Z is liftable to a prime ideal. 
In order to show that the ideal Z= (X”, Y”,XY) is liftable to a radical ideal for 
any m and n, let f(X) and g(Y) be polynomials of degrees m and n respectively 
which have just simple roots in an algebraic closure of k and such that f(0) = g(0) = 0. 
Let J be the ideal df(X),g( Y),XY) of k[X, Y]. We have J is a radical ideal and 
Z(l) = Z, thus Z is liftable to a radical ideal (see the construction in [3, Theorem 2.21 
and [9, Theorem 81). 0 
Theorem 4.4 (cf. Theorem 1.9 above and the remark after Example 4.5 in [lo]). Let 
k be a field. For any n 2 2 there exists a homogeneous ideal Z in k [X,, . . . ,X,,] which 
is iiftabie to a radicai ideal, is not liftable to a prime ideal, but whose Hiibert func- 
tion is liftable to the Hilbert function of an integral graded k-algebra. 
Proof. As in [9, Theorem 91 we may assume that n =2. Let X=X,, Y=X,. Let 
I:= (X3,XY, Y2). The Hilbert function corresponding to Z is the Hilbert function 
corresponding to the complete intersection (X2, Y2), so it is liftable to the Hilbert 
function of an integral k-algebra. By the previous theorem, the ideal Z is not liftable 
to a prime ideal. 0 
The remark after Example 4.5 in [lo] proves more than our last theorem. Indeed, 
by the argument in [IO], for any field k and Z=(X3, Y’,XY), the k-algebra 
k[X, Y]/Z is not isomorphic to a graded k-algebra which is an integral domain 
module a homogeneous regular sequence. More generally, by the same argument 
one can take Z=(X”, YmC1,XY), where mz2. 
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The next theorem shows that it is much harder for an O-sequence to be the Hilbert 
function of an integral domain than to be the Hilbert function of a reduced graded 
k-algebra. 
Theorem 4.5. Let H be the Hilbert function of a domain, with H(1)=3, H 
O-dimensional. Suppose i<j and AH(i)> AH(j)>O. Then AH(j+ l)< AH(j). 
(That is, once AH starts to decrease, it decreases trictly until reaching 0). 
Proof. Let H be the Hilbert function of A =k[X,,X,,Xz]/P, where P is homo- 
geneous of height 2. Let f be a homogeneous generator of P of lowest degree. Let 
g be a homogeneous element of P of lowest degree that is not a multiple off. The 
theorem follows from [2, 2.1(c)] once one notices that because A is an integral do- 
main, p in [2] is equal to the degree of g, the latter clearly being the smallest integer 
j such that AH(j)<AH(j- 1). 0 
For example, for any field k, the O-sequence H := 1 3 4 5 -+ (so that AH= 
1 2 1 1 O+) is the Hilbert function of a reduced graded k-algebra k, but is not the 
Hilbert function of an integral graded k-algebra. 
In fact, for any field k and for all mz0, the iterated integral 
m times 
is not the Hilbert function of an integral graded k-algebra. In order to prove this 
we use an argument based on an idea due to Geramita. Assume that for some m 11 
there is a prime ideal P in i? = k[X,, . . . ,X, + r ] with corresponding Hilbert function 
F, (we have F,(l)=m+2). As F,(2)=(“+3 2 ) - 2, we see that there are in P two 
linearly independent quadratic forms u and o. As P is prime and PflR, =O, the 
forms u and u are prime. It follows that the Hilbert function corresponding to 
the ideal (u, u) is CI(m + 1; 2,2), thus F,I CI(m + 1; 2,2), which is not the case 
because F,(3)> CI(m + 1; 2,2). (It is easily proved inductively, starting with 
m = 0 that for m 11 it holds that F,(i) = CI(m + 1; 2,2)(i) for is 2 and F,(3) = 
CI(m + 1; 2,2)(3) + 1.) 
The fact that iterated integration does not lead generally to the Hilbert function 
of an integral domain was suggested by Stanley, correcting a mistake in a previous 
version of this paper (cf. also the remark after Example 4.5 in [lo]). 
We conclude this section by remarking that one can produce explicit examples of 
one-dimensional integral graded k-algebras by choosing generators xi, . . . ,x, of a 
finite degree extension field K of k. Let A4 be the kernel of the homomorphism 
k[X,, . . . ,X, ] + K defined by sending Xi to x, . Let P be the homogenization of A4 
with respect to X0. Then A := R/P is the desired graded k-algebra. The Hilbert 
function of A can then be found using the discussion of H’ in Section 2. This 
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method is suitable for numerical calculation if k is finite. For k= [F, we verified 
with a computer that every zero-dimensional differentiable O-sequence H with 
H(1) = 3 and degree 5 23 not ruled out by Theorem 4.5 is the Hilbert function of 
an integral graded k-algebra. (Thus the cardinality assumption in Theorem 2.3 is far 
from being necessary). On the other hand we have 
Example 4.6. Let k and a E k be such that X2” - a is irreducible in k[X] (n 2 4). Let 
x be the canonical image of X in the field k[X]/(X2” - a). In the above discussion 
let x1=x, x2=xn, and x3=x”“. Let A (in the notation above) have Hilbert func- 
tion H. Then AH is the sequence 1 3 2 2 . . . 2 0 -+ (2 repeated 12 - 2 times). Thus 
Theorem 4.5 is false if H(1)>3. I? 
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